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FOREWORD 

This is a technical report of a study conducted by the Electrical 

Engineering Department of Auburn University under the auspices of the 

Auburn Research Foundation toward the fulfillment of the requirements 

prescribed in  NASA Contract NAS8-5231. An analysis of a standard 

phase-lock receiver employing differential phase feedback i s  presented. 
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ABSTRACT 

A phase lock r ece ive r  configuration which cons i s t s  of a stan- 

dard phase lock receiver employing d i f f e r e n t i a l  phase feedback has 

been proposed f o r  use i n  the  AROD program. 

conf igura t ion  is  t o  produce a receiver which has a very s t a b l e  l o c a l  

o s c i l l a t o r  while maintaining an output which t r acks  the  input 

s i g n a l  dynamics. 

The purpose of t h i s  

The addi t ion  of d i f f e r e n t i a l  phase feedback t o  the  standard 

phase lock rece iver  used i n - t h i s  inves t iga t ion  r e s u l t s  i n  a system 

which can be analyzed as a Type 2 feedback cont ro l  system. A 

mathematical model of t he  system employing d i f f e r e n t i a l  phase feed- 

back i s  obtained by assuming input and output s igna l s  and observing 

the  e f f e c t s  of the  various operations on the  phase of t he  s igna ls .  

A n  ana lys i s  of the system i s  made using l i n e a r  feedback con t ro l  

theory. 

obtained f o r  various values of t h e  system parameters. The i n i t i a l  

and f i n a l  values of t he  system output and the  voltage cont ro l led  

o s c i l l a t o r  output are calculated.  

u t i l i z e d  t o  c a l c u l a t e  t h e  response of t he  system t o  a s t e p  input 

of phase i s  presented i n  Appendix A. The ca lcu la ted  response of 

t h e  system i s  given i n  Appendix B. 

Root locus diagrams of the open loop t r a n s f e r  function are 

The d i g i t a l  computer program 
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It i s  shown that differential phase feedback allows the use of 

a very stable voltage controlled oscillator while maintaining an 

acceptable tracking capability. 
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I. INTRODUC T ION 

R.  L. Lloyd and H. M. Summer 

In recent years, the phase-lock receiver has found wide applica- 

tions in the field of missile tracking and guidance. One important 

application is in the field of missile range measurements. Range 

measurements are made by comparison of transmitted and received 

signals using techniques similar to those used in radar systems. 

But unlike radar, the target, which may be either the missile or 

a ground station, is an active device. The target contains a 

transponder which receives and retransmits rather than reflecting 

the signals. The basic component of the transponder is a phase- 

lock receiver which is used to maintain the received signal and the 

retransmitted signal phase coherent. 

In this system which is a single loop feedback control system, 

the output of a voltage controlled oscillator (VCO) is compared with 

the received signal to produce an error signal that is used to correct 

the frequency of the VCO until the two signals are phase coherent. 

When the output of the VCO and the received signal are phase coherent, 

the system is said to be phase locked. 

There are many conditions which can cause a phase-lock receiver 

to have a momentary loss of lack (VCO output and received signal not 

phase coherent). One such condition is the high-noise environment 

in which the receivers are normally used. In such an environment, 

1 
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i t  i s  des i rab le  t o  have a s t ab le  VCO output t o  reduce the amount of 

d r i f t  t h a t  can occur during the time the  system is  not i n  lock. 

A narrow band VCO loop w i l l  produce a s t ab le  VCO but the system 

w i l l  not be able  t o  t rack  rap id ly  changing input s igna ls .  A wide 

band loop has the t racking capabi l i ty  but lacks a s t ab le  WO. To 

produce a system which has a good tracking capab i l i t y  and a s t a b l e  

VCO, an addi t iona l  feedback loop must be added. A system has been 

proposed which is  a standard phase-lock receiver  t h a t  employs d i f fe ren-  

t i a l  phase feedback as the addi t ional  feedback loop. 

The addi t ion  of d i f f e r e n t i a l  phase feedback t o  a standard phase- 

Differen- lock rece iver  r e s u l t s  i n  a system as depicted i n  Figure 1. 

t i a l  phase feedback is  employed t o  produce a composite output s igna l  

which t r acks  the  system input dynamics when used i n  conjunction with 

a very s t a b l e  VCO. 

If the input s igna l  has an instantaneous and sustained change i n  

phase, the d i f f e r e n t i a l  phase feedback loop produces a s igna l  which 

keeps the  system i n  lock u n t i l  the  phase of the VCO can be adjusted 

t o  correspond with the input phase. The time constants  of the  two 

loops are adjusted such t h a t  the d i f f e r e n t i a l  phase feedback loop i s  

i n  e f f e c t  only while the VCO phase lags t h a t  of the  input.  

The purpose of t h i s  study is t o  analyze the system of Figure 1. 

An ana lys is  i s  performed which ind ica tes  t h a t  t he  desired system 

performance can be obtained. 
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Fig. 1. Block diagram of a phase locked receiver 
employing differential phase feedback. 



11. SYSTEM ANALOGUE 

I n  the  ana lys i s  of a system employing d i f f e r e n t i a l  phase feedback, 

i t  i s  des i r ab le  t o  obta in  a mathematical model of t he  physical system 

represented by Figure 1. This model can be obtained by assuming input 

and output s igna l s  and observing the  e f f e c t s  of t he  various operations 

upon the  phase of the  s igna ls .  For t h i s  ana lys i s ,  assume t h a t  noise 

f r e e  conditions e x i s t  and t h a t  the input s igna l  i s  of t h e  form 

el = Elsin UAt + o A + ein(t)J, 1 

where OA is  the  phase of the  input signal,  uA i s  the  c a r r i e r  f r e -  

quency, and Bin( t )  is  a change i n  the input phase. 

t h e  output s igna l  i s  of the  form 

Also assume tha t  

r 1 
uBt + QB + e o ( t )  

where @ i s  the  phase of t he  output s igna l ,  % i s  the  c a r r i e r  f r e -  

quency, and e o ( t )  i s  the  change i n  the output phase due t o  Bin(t). 

B 

A necessary condition f o r  phase lock t o  occur i s  t h a t  

4 
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u) = o )  
A B- 

For simplicity, it is assumed that 

'A = 'B 

The phase detector output, e2, is equal to a constant times the dif- 

ference in the phase of the two input signals. Thus, e is given by 2 

e = [ein(t) - eo(t)] . 
2 2  

In Laplace transform notation, the phase modulator input signal 

can be represented by 

where K' is the gain of the difference amplifier, T is the trans- 

fer function of the low pass filter in the differential phase feed- 

back loop and E2(S) is the Laplace transform of e2. 

1 fl 

In Laplace transform notation, the input to the VCO is of the form 



6 

where T is  the t r a n s f e r  function of the low pass f i l t e r  i n  the VCO 

loop. 
f2  

The output of the  VCO can be represented by 

where Q1 is  the change i n  phase i n  t h e  VCO output due t o  e4. 

The phase modulator output is of the form 

r -1 

uBt + @ + @ l ( t )  + @ 2 ( t )  
B 

where E i s  equal t o  a constant times E 

due t o  e 

and O2 is the  change i n  phase 6 5 

3' 
The value assumed f o r  e must be equal t o  the  value of e6 given i n  

6 

( 9 ) .  Thus equation (2)  and (9) can b e  equated t o  obtain 

1 1 
( t )  + 02(t)]  = E6cos LD t + @ + 9 (t) I (10) [ B  B o J '  

which reduces t o  

I n  Laplace transform notat ion,  equation (11) becomes 
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The change in phase of the VCO output is proportional to the 

integral of the input?,2 Thus, in Laplace transform notation, Q1(S) 

becomes 

where < is the constant of proportionality of the E O .  
added to e 

Thus, Q (S) becomes 

The phase 

3’ 
3 in the phase modulator is directly proportional to e 

5 

2 

where K 

modulator. 

is the constant of proportionality cssociated with the phase 
P 

Substitution of equations (13) and (14) into (12) yields 

If 5 is defined as 

K 2 = < -  E1E6 
2 ,  
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and K- as 
1 

K = K K 1 - ,  ' E1E6 
1 P 2  

equation (15) becomes 

The so lu t ion  of equation (18) f o r  eO/ein y ie lds  

which i s  the general  closed loop t r ans fe r  funct ion of the  system. 

The low pass f i l t e r  i n  the  VCO loop w i l l  be taken t o  be of the  

form of a standard t racking f i l t e r .  That i s ,  .rf2 i s  of the form 

ST2 -I- 1 1 Tf*(S) = 1 + - = 
s'r2 sT2 

The l o w  pass f i l t e r  i n  the d i f f e r e n t i a l  phsse feedbeck loop w i l l  be 

taken t o  be of the form 
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Substitution of equations (20) and (21) into the general closed loop 

transfer function yields 

This equation is in the form of 

where 

Sr2 + 1 

S 

and may be represented by the block diagram sham in Figure 2. 

a mathematical model has been obtained. 

Thus 
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111. SYSTEM ANALYSIS 

A mathematical model of t he  system has been obtained and i s  

given i n  Figure 2. This model which employs multiple loop feed- 

back may be analyzed using l i n e a r  feedback cont ro l  theory. The 

r o o t  locus method, which i s  one of the methods ava i lab le  t o  analyze 

feedback con t ro l  systems, i nd ica t e s  t he  e f f e c t  of gain changes and 

t h e  degree of s t a b i l i t y  of the  system. I n  general, t h i s  information 

along with t h e  i n i t i a l  and f i n a l  values of the  system output is  

s u f f i c i e n t  f o r  pred ic t ing  the  system performance. 

The open loop t r a n s f e r  function of the  system depicted i n  

Figure 2 is  

S 2 ( S  + -) 1 
c 

-' 1 

A root  locus diagram of the  open loop t r a n s f e r  function of 

(25) can be obtained i f  t he  numerator of the equation can be reduced 

t o  a factored form. 

Any polynomial of the  form 

1 pN + %-l$J-l + . . . alp + a. = o , 

11 
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4 can be factored with the aid of a root locus method. 

the equation to be factored is 

In this case, 

which is the numerator term of equation (25). Muation (27) can be 

rewritten as 

The numerator of the second term of equation (28) can be reduced to the 

factored form 

"(s +&)(s +&) 
= o ,  K1 1 +  

53 

which is in the standard form utilized in the root locus method of 

control system analysis. The root locus diagram of this equation is 

a plot of the roots of equation (27) as a function of %/K1. 

values chosen for T and r are relative quantities. Therefore, 

only the ratio of r to T~ is of importance since the values may 

be scaled to fit an actual system. 

The 

1 2 

1 
For convenience,the radian 
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1 
*2 

bandwidth of t he  VCO loop, - , w i l l  be fixed a t  T~ = 1 and root  

locus diagrams of equation ( 2 9 )  w i l l  be constructed for various values 

of t h e  radian bandwidth of t h e  d i f f e r e n t i a l  phase feedback loop, - . 
Since the  shape of t he  diagram i s  not a f f ec t ed  by the  value of T ~ ,  

i t  is necessary t o  choose only three values t o  include a l l  poss ib le  

forms of the  diagrams. 

and represent bandwidths of t he  d i f f e r e n t i a l  phase feedback loop 

1 
T1 

The values chosen f o r  T~ are 0.1, 1.0 and 10.0 

which are less than, equal t o ,  and greater than t h e  bandwidth of t he  

VCO loop. These diagrams are given i n  Figure 3 and represent t h e  

roo t s  of equation (27) as a function of  %/K1. 

can be seen t h a t  t he re  exist t h r e e  poss ib le  combinations f o r  t h e  

From each diagram it  

roots:  one real and two complex roots,  a l l  real with two equal roots ,  

and a l l  real and unequal roots.  The form of t he  roo t s  is determined 

by t h e  value of %/K1. 

Now t h a t  t he  f a c t o r s  of the numerator of equation ( 2 5 )  have been 

determined, a root  locus diagram of t h e  open loop t r a n s f e r  function 

as a function of K can be constructed. Since the re  are th ree  

poss ib l e  combinations of t h e  r o o t s  of equation (27) f o r  each T ~ ,  

t h r e e  roo t  locus diagrams of t h e  open loop t r a n s f e r  are made f o r  

1 

each value of T These diagrams are given in Figures 4 through 6 .  1' 
If t h e  system is t o  be s t a b l e  f o r  a l l  values of gain, K1, it 

is  necessary t o  have a l l  the  zeroes and poles  of equation (25) i n  

t h e  l e f t  h a l f  S-plane. Since t h i s  condition is always f u l f i l l e d  by 

t h e  poles,  i t  i s  only necessary t o  be concerned wi th  t h e  value of t h e  

zeroes. From the  root  locus diagrams used t o  f a c t o r  the  numerator of 
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equation (251 i t  can be seen t h a t  there e x i s t s  a minimum value of t he  

r a t i o  of gains K ~ / K ~  t o  insure t h a t  a l l  zeroes have negative r e a l  par t s .  

This required r a t i o  i s  a function of 'r1/r2 and decreases as the r a t i o  

o f  t1/~'2 increases .  

quired minimum, the system is unconditionally stable. 

Thus f o r  r a t i o s  of %/K1 grea te r  than the  re- 

From the root  locus diagrams of open loop t r ans fe r  function, i t  

can be seen t h a t  r a t i o s  of T ~ / T *  less  than one have a grea te r  e f f e c t  

upon the  response time of the system than do r a t i o s  grea te r  than one. 

The roo t  locus diagram f o r  t 

same, while the diagram f o r  T~ = 0.i is  moved away from the j w  axis thus 

= 1.0 and T~ = 10.0 a re  e s s e s t i a l l y  the 1 

decreasing the  damping times. 

VCO, a small r a t i o  of T /T 

Thus f o r  a f a s t  response t i m e  of the  

is needed. 
1 2  

The i n i t i a l  value of the t i m e  response of any system is defined 

Lim f ( t )  = Lim SF(S). 
t +  0 s 4  m 

Hence, fo r  a s t e p  input the  i n i t i a l  value of e o ( t )  is  given by 

c 

where ein i s  the  magnitude of the  s tep input.  Equation (31) reduces t o  
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Therefore, K mus t  be la rge  f o r  t h e  i n i t i a l  value of e o ( t )  t o  be 

wi th in  a small percentage of ein. 

'in' 

1 
For G o ( t )  t o  be within 5% of 

K1 must be grea te r  than o r  equal t o  19. 

The f i n a l  value of t he  time response is  defined by 

Lim f(t)  = Lim SF(S) 
t +a s + o  

Hence, the  f i n a l  value of 8 (t) i s  given by 
0 

(33) 

(34 )  

which reduces t o  

eo(&) = ein. 

Since t h e  output of t h e  VCO i s  of importance i n  determining 

the  s t a b i l i t y  of the  VCO, it  is necessary t o  ca l cu la t e  t h e  i n i t i a l  

and f i n a l  values of t he  VCO output i n  addi t ion  t o  those of the  

system output.  



The initial and final values of the VCO output, evco, can be 

calculated if a function relating €3 

determined. 

figure is obtained from Figure 2 by block diagram manipulation. 

Hence, the closed loop trenefer function of the VCO i# 

to the system input can be 
vco 

This function can be obtained from Figure 7, where this 

For a step input, equation (36) becomes 

Substitution of equation (37) into equation (30) yields the 

initial values of evc0(t) as 

Substitution of equation (37) into equation (34 )  yields the 

final value of 8 (t) as vco 
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e (a) = ein. 
vco 

The information contained in the root locus diagrams and the 

initial and final values of the system response indicates that the 

desired system performance can be obtained. That is, the composite 

output, e tracks the input within a percentage determined by the 
0 ,  

value of K while the output of the VCO, Bvco is zero initially and 1 
reaches the value of the input only if the input remains constant 

for a period of time determined by the loop parameters. 

The complete time response for 8,  and Bvc0 can be calculated by 

obtaining functions for 8, and 0 

tion and determining the inverse Laplace transform. 

For a one radian step input, e0(g is given by 

in Laplace transformation nota- vco 

The denominator of this' equation can be arranged in factored form 

and the numerator rearranged to obtain 

1 + AS + BS2 + CS3 eo(S) = Y 

S(l + TIS) (1 + T2S) (1 + T3S) 

(39) 
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B = 'r1r2 , 

c = T1T*K1/K2 , 

Tl = l /R1 

T = 1/% 
2 

T3 = 1/R3 

and R1, %, and R3 are the  roo t s  of the  denominator of equation 

(40). The inverse Laplace transform of equation (41) is 

e 0 ( t )  w a s  ca lcu la ted  with t h e  a i d  of a d i g i t a l  computer f o r  t he  

The computer pro- system as represented by each root  locus diagram. 

gram i s  given i n  Appendix A. The values of RT1, RT2, and RT3 were 
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determined from each diagram for K = 20. Figure 8 is a typical 

response for 0 (t), with the complete results given in Appendix B. 

1 

0 

The output of the VCO, evc0, for a one radian step input is 

K2 (43 1 
5'2 

K2S2 + K d e  + &) + - 
(KI + l)S3 + (9 + L ) S 3  + K2(L + -)S + - 

, 
1 K-2 

r1 71 r2 11'2 

1 

which can be rewritten as 

1 + AS + BS2 
BVCO(S) = 

S(l + TIS)(l + T2S)(1 + "2s) 

The inverse Laplace transform of equation (44) is 

This equation was programmed on a digital computer to give Bvc0 

as a function of time for the same cases as eo. The response for 

for each case is given in the same figure with the corresponding Ovco 

response of eo. 
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From the output response curves given i n  Figure B-1 through 

B-9, i t  can be seen t h a t  the response time decreases a s  the r a t i o  

of T ~ / - T ~  decreases a s  was expected. 

the value of the overshoot 

response time is not  changed by an appreciable amount. 

the response of the  system output is within 5% of the input a t  a l l  

times. 

As the  value of %/K1 increases,  

i n  the  VCO output decreases while the  

As predicted,  

Thus the  des i red  system performance has been obtained. 
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IV. CONCLUSION 

It has been shown that the addition of differential phase feed- 

back to a standard phase-lock receiver results in a system which has 

an output that tracks the input signal dynamics while maintaining 

a stable VCO. The ability of the system to track the input signal 

is dependent upon the value of K1. Equation (32) indicates that K1 

should be large to minimize the initial error caused by a change in 

the input signal. The stability of the VCO is dependent upon the 

ratio K /K and T ~ / T ~ .  2 1  
If the value of %/K1 is greater than the minimum required to 

insure unconditional stability, then the ratio, T1/T2, is the predo- 

minate control on the response time of the E O .  Figures B-1 through 

B-9 indicate that the ratio, %/K1, has little effectupon the response 

time . 
Since the ability of the system to track and the stability of the 

VCO are dependent upon different system parameters, the two may be 

adjusted independently. 

case of the standard phase-lock receiver. 

teristics are dependent upon the same parameters. 

which has the desired tracking capability will not have a stable VCO 

while the system with a stable VCOwill not track rapidly changing 

input signals. Therefore to obtain the desired characteristics, 

another type system, such as the system employing differential phase 

feedback, must be used. 

It can be shown that this is not true in the 

The two system charact- 

A standard receiver 
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DIGITAL COMPUTER PROGRAM USED TO CAUULATE 
OUTPUT RESPONSE OF THE =STEM 

TABLE 1 

DEFINITIONS OF COMmrrPIR PROGRAM SYMBOLS 

PROGRAM SYMBOL VARIABLE 

T1 

T2 

G 1  

TC 1 

TC 2 

Tc3 

RT1 

RT2 

RT3 

THETA0 

ALPHA 

BETA 

T2 

‘(1 

K2 

*2 

T 
1 

T3 

R1 

R2 

R e a l  part of 
R and % 
Imaginary part of 
R1 and R2 

1 

29 
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c IHr 704C F C R ' I Y A R  I V  CIGITAL COMPUTER P R O G R A M  
c 1f-f G A I T , i , l . A T F  CUTPUT tit- A P h A S C  LOCK RtCflVtQ 
C E P P L C Y I h G  C I t i - F H t N T I A L  P b A S t  I -€FDBACK 

CIYENSICN T ( 5 0 ) t  X ( 5 0 ) r  Y ( 5 0 ) t  L ( 5 O )  
TIPt = 00 
cc 5 1=1t50 
1 1 1 )  = T I M E  

5 T I Y E  = T 1 M t  + 0.02 
G1 = 200 
12 = 100 
CO 61 Lz1.3 
co 21 H = l r 2  
R E A D  (St100) G2t Tlt ALPHA? BtTAe RT3 

1CO FORMAT (5F1O1O) 
kRITE ( 6 ~ 1 5 0 )  G1, T L I  G2t T Z t  ALPHAt R E T A I  RT3 

1SC f O R C A T t / / / / l H  t 3 H G l = t F 4 0 1 ~ 4 X t 3 H T l ~ ~ F 4 o 1 ~ 4 X ~ 3 H G 2 = t  
1 
2 F714t4Xt4FHT3=tF604 / 1 

FSo 1 ~ 4 x 9  3) l f2=rF40 f t  4X?6HAiPHA=tk ?o4t4XtSHBtTA=t 

RE = ALPHA / (ALPHA**Z t B€TA**2 1 
XI = - BETA * RE / ALPHA 
T C 3  = l o  / R13 
A = 11 1 2  ( 1- / T1 + 1, / T2 1 
e = 11 1 2  
C = GI 4 114 T 2  / G2 
01 = RE**3-A*RE**2+(A-30*RE)*XI**2+B*RE-C 

03 = X I * * 2 * ( Z O * T C 3  - 4 - W K E )  
04 = Z I * R E * * 2 + X I - 2 1 * ~ I ~ * 3 - 2 0 ~ R E ~ X I ~ T C 3  
OS = -RE/[RE**Z+XI**2) 
06 = XI*DS/RE 
07 = 01+D3+02+04 
D8 = 02*03-Cl+D4 

010 = (JC3**3-A*TC3~~2+h*Tf3-C)/(lC3+(TC3-RE)**2+XI 

k R I T E  fS.175) DSt 069 07t D9t D 1 O  

02 = 3~*~E**2*XI-XI**3-2o*~*RE*XI+B+XI 

09 = 2- / (  D3**2+04**2 1 

1 * * t * T C 3 )  

175 FCRPAT f 1X14HD5 =tE16o7t5Xw4H06 =t€16o7~5X,4HU7 = 
1 .E16o7,5X14HD9 =rE16o7tSX.5HOIO =tf16-7 1 )  
DO 15 Iflt31 
X ( l )  = -D9*EXP(DS*T11))~(D7*COS(~$*l(I))+D8~SlN(D6~ 

IF~A8S~XII))oLT,.0001) GO TO 17 
1 T ( 1 ) ) )  

15 CONTINUE 
1 7  C A L L  ZERO (X(I),XI31)) 

CO 16 J=lt31 
Y ( J )  = -DlO*tXP(-RT3*T(J)) 
I F ( A 8 S ( Y ( J ) ) ~ L T , , O O O l )  GO TU 18 

16 CCh'TINUE 
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C PRCGRAP C O N T I N U t O  

1 8  C A L L  ZtRO ( Y ( J ) r Y ( 3 1 ) 1  
00 10 K = l r 3 l  
THETA0 = 1.0 t X ( K )  + Y ( K 1  

10 WRITE ( 6 r 2 0 0 )  T ( K ) ,  THETA0 
200 FORMAT(1H r l S X 9 4 H  T = r F 4 * l r Z O X r B H T H E T A O  = . F 7 . 4 )  

EL = R E * * 2 - X I * * Z - A * R t t B  
€2 5 Z - * R f * X I - A * X I  
t4 = 2..RE*XI-2o*XI*TC3 
E 3  = - t . * X I * * 2  
t5 = 05 
E 6  = E6 
E7 = f l * € 3 + E 2 * € 4  
E8 = E2.€3-E1*€4 

E1C = ( T C 3 . * 2 - A * T C 3 t 8 ) / ( ( T C 3 - K € ) ~ * 2 + X I + ~ ~ )  
WRITE ( 6 r 1 8 5 )  Ebt E 6 r  E 7 9  €9, E 1 0  

t9 = 3-/(€3**2+t4**2) 

185 FORMAT ( / / 1 X v 4 H t 5  = r t 1 6 0 7 r S X 1 4 H E 6  =eE16.7rSX,4HE7 = 
1 * E 1 6 0 7 , 5 X v 4 H E 9  = r t 1 6 - 7 r S X r S H t l O  = r E 1 6 * 7  / I  
00515 f = i r 3 i  
X ( I )  = - € 9 * E X P ~ f S * T ~ I ~ ~ ~ ~ E ? * C O S ~ E 6 ~ 1 ~ 1 ~ ~ + E 8 ~ S I ~ ~ F 6 ~  

I F ( A B S ( X ~ I ) ) , L T , . 0 0 0 1 )  GO TO517 
1 T t I l ) )  

S l S  COhTfNUE 
517 C A L L  ZERO ( X ( I ) r X ( 3 1 ) )  

00516 J = l r 3 1  
Y I J )  = - E l O * E X P ( - R T 3 * T 4 J ) )  
I F ( A 6 S ( Y ~ J 1 1 . L T o o 0 0 0 1 ~  GO TO 518 

516 CChTINUE 
518 C A L L  ZEHO I Y l J ) r Y ( 3 1 ) )  

00510 K = l t 3 1  
THETAV = 1.0 + X I K )  + Y ( K )  

510 WRITE (6 r300)  T ( K ) r  THETAV 
2 1  C O h T I N U t  
300 F O R M 4 T  ( 1 H  r l S X 1 4 H  T = v F 4 0 1 t 2 0 X r B H T H E T A V  =rF704) 

RELC I f i r 1 0 0 )  G2r 11. R T l r  R T 2 r  R T 3  
WRITE ( 6 . 2 5 0 )  G l r  1 1 9  G 2 t  12. R T L r  R T Z r  HT3 

250 F O R M A T ( / / / / l H  9 3 H G 1 = r F 4 0 1 r 4 X r 3 H T l = r ~ 4 o 1 r 4 X r 3 H G 2 = r  
1 F 5 ~ 1 ~ 4 K ~ 3 H T 2 ~ ~ ~ 4 ~ 1 ~ 4 X ~ 4 H R 1 1 ~ ~ F 7 ~ 4 ~ 4 X ~ 4 H R 1 2 ~ ~ F 7 ~ 4 ~  
2 4 X  r 4 h R T 3 - r  F 7 04 1 
C = G l  T l *  T 3  / G? 
TCL = l . / R T l  
T C 2  = l . /RT2  
TC3 = 1. / R T 3  
P4 = ( T C  1 * . 3 - A * T C  L**i?+B* TC 1-C 1 / ( TC 1. ( T C I - T C 2  1 * 

HS = t T C 2 * * 3 - A ~ l C 2 * * 2 + B * T C 2 - C ) / (  T C Z + ( T C Z - T C L ) *  
1 { T C l - T C 3 ) )  

1 ( T C 2 - T C 3 ) )  
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C PRCGRAP CONTINUED 

24 

H8 = (fC2**2-A*TC2+B)/( (TC2-TCll*(TC2-TC3) 1 
ti9 ( T C 3 * * 2 - A * T C 3 + B ) / (  I TC3-lCl)*(TC3-TCZ)) 
MRITE (6.285) H?, H89 H9 

28s FORMAT (//1Xe4HH7 =rk16.7~5X*IHH8 =9€16o7,SX*4HH9 = 
i r E l 6 - 7  / 1 

C O S 2 5  I=lr31 
X ( X )  = -HT*EXP(-RTl*lII11 
1F~ABS~X~1~1,LT.,0001~ GO TU522 

525 CONTINUE 
522 CALL ZERO (X(I)rX(31)) 

DC526 J=lr31 
Y(J) = -H8*EXP(-RT2*T(J)) 
1 F ~ A 3 S ~ Y ~ J ~ ~ ~ L T . , 0 0 0 1 )  GO 10523 

526 COltlINUE 
523 CALL ZERO (Y(J)rY(31)) 

00527 K=1931 
Z(K) -H9*EXP(-RT3+T(K)) 
I F ~ A ~ S ~ Z ~ K ~ ) o L T o o O O O 1 ~  GO TO 524 

527 COhTINUE 
524 CALL ZERO (Z(KIrZ(3111 

50520 N=lt31 
T H € l A V  = 1.0 + X I N I  + Y1N) + Z I N )  

520 kRITE (69300) T I N )  t -THETAV 



.. 

C PRGGRAK CONTINUED 

61 CCNTIMUf: 
STCP 
EFIC 
SUBROUTINt ZERO t-(N 
OXPENSION A t K )  
DO 10 1SN.K 

RETURN 
EhC 

i o  a m  = 0.  



APPENDIX B 

OUTPUT RESPONSE OF 0, AND 0, FOR 
A ONE RADIAN STEP INPUT W I T H  72 = 1.8 and K1 = 20.0 
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F i g .  B-1.  Response o f  8, and .evco w i t h  7 /r -0. I and %/K1=37. 0 .  
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F i g .  B - 2 .  Response of eo and Bvc0 with T ~ / T ~ = O . ~  and %/K1"42.5. 
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Fig. B-3. Response of eo and 8 with T /T -0.1 and %/K148.2. 
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Fig. B-4. Response of e, and evc0 with 7 1 / ~ ~ = 1 . 0  and K2/f1=5.75 . 
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Fig. B-5. Response of 8, and 8,,, with T~/T~=I.C: and %/K1=6.75. 
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F i g .  B-6. Response of  8, and 8 w i t h  -r1/T2=1.0 and 5/K1=8. 
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F i g .  B - 7 .  Response of eo and 0 with T ~ / T ~ = ~ O . O  and K;!/K1=3.7. vco 
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Fig .  B-8. Response of 8 and 0 w i t h  T IT =10.0 and %/K 1 =4.25. 
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Fig. B - 9 .  Response o f  8 and Bvco with T ~ / T ~ = ~ O . O  and K2/K1=4.82. 
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